Abstract. We prove a double commutant theorem for separable subalgebras of a large class of corona C*-algebras, largely resolving a problem posed by Pedersen [16] . Double commutant theorems originated with von Neumann, whose seminal result evolved into an entire field now called von Neumann algebra theory. Voiculescu later proved a C*-algebraic double commutant theorem for subalgebras of the Calkin algebra. We prove a similar result for subalgebras of a much more general class of so-called corona C*-algebras.
Introduction
Let S be a subset of an algebra D. Its relative commutant S ′ in D is defined by
that is, the centraliser of S in D. Clearly, S ′ is always a subalgebra of D, which is unital if D is. The relative double commutant, S ′′ , is S ′′ = (S ′ ) ′ . In the case when D = B(H) for a Hilbert space H, the adjective 'relative' is customarily dropped. In a similar vein, the unitisation of a subalgebra A of a unital algebra D is the algebra generated by A and the identity of D.
The most fundamental result in all of von Neumann algebra theory is arguably von Neumann's double commutant theorem, published in 1929 (see [19] ). We phrase the theorem as follows:
Theorem 1.1. Given a *-subalgebra of B(H), the double commutant of the subalgebra is equal to the weak* closure of its unitisation.
Approximately half a century later, Voiculescu [17, 18] proved a remarkable and unexpected C*-algebraic version of the above theorem:
Theorem 1.2. Let C(H) := B(H)/K(H) be the Calkin algebra of a separable infinite-dimensional Hilbert space H. The double relative commutant of a separable sub-C*-algebra is the unitisation of that subalgebra.
Recall that the multiplier algebra M(B) of a given C*-algebra B is the idealizer of B in its enveloping von Neumann algebra B * * . Since the multiplier algebra of the compact operators K := K(H) is B(H), we may reasonably regard the corona algebras M(B)/B as a generalization of the Calkin algebra considered by Voiculescu. At a conference in 1988, Pedersen posed the problem of generalizing Voiculescu's theorem to the setting of general corona algebras [16] , and this note provides a partial answer to his problem.
In [4] , Elliott and the first-named author already obtained the following relative double commutant theorem for hereditary subalgebras in C*-algebras of the form M(B)/B with B simple and separable. Corollary 4.12 in [7] shows that Voiculescu's original double commutant theorem does not generalize to the Calkin algebra of a nonseparable Hilbert space. Over the years, Pedersen's question has attracted quite some attention and has found connections to other important topics in C*-algebra theory; see, e.g., [5] .
Extensions of C*-algebras
Let A and B be C*-algebras, with A unital, B separable and simple. An extension
will be said to be unital if C is unital. Recall that an extension of B by A is determined up to strong isomorphism by its Busby map-the naturally associated map from A to the quotient multiplier algebra, or corona algebra, of B, M(B)/B. If B is stable, so that the Cuntz algebra O 2 may be embedded unitally in M(B)/B, then there is a natural notion of addition of extensions. Recall that an extension of B by A is said to be trivial if the Busby map A → M(B)/B lifts to a C*-algebra homomorphism A → M(B). It is said to be trivial in the nuclear sense if this homomorphism has a weak nuclearity property. Kasparov, [9] , introduced a property that he called absorbing. Following [3] , we say that a unital extension is absorbing in the nuclear sense if it is unitarily equivalent to its sum a → v 1 τ 1 (a)v * 1 + v 2 τ 2 (a)v * 2 with any extension that is trivial in the nuclear sense. In this sum, the τ i denote Busby maps of extensions, and the v i denote the generators of the aforementioned copy of O 2 . Different choices of copy of O 2 turn out to be equivalent, under the equivalence relation given by unitary equivalence of extensions. The main result of [3] is a C*-algebraic characterization of the property of being absorbing in the nuclear sense: this algebraic property is called the purely large property. Kasparov considered the extension of B ⊗ K by a separable unital C*-algebra A with splitting given by
where A ֒→ B(H) is a faithful unital essential representation of A on the separable infinite-dimensional Hilbert space H, and showed that this extension is absorbing in the nuclear sense. This extension is also trivial in the nuclear sense (lemma 12 in [3] ). We will call the Busby map of this extension the Kasparov extension, in honor of Kasparov's work, and will denote the mapκ :
The main property of the Kasparov extensionκ that we will use is that the range of the mapκ is contained in a copy of the Calkin algebra that is unitally embedded in the corona M(B ⊗ K)/(B ⊗ K).
Recall that the Cuntz algebra O ∞ is generated by isometries v i with the properties that v * i v j = 0 when i = j, and that v i v * i = 1. Kirchberg [10, remark 5.1] uses these properties to define a unital *-homomorphism
where the v n are isometries coming from a copy of the Cuntz algebra O ∞ in the multipliers of M(B ⊗ K), which exists as a consequence of stability. The above sum converges in the strict topology. Kirchberg terms this map an infinite repeat. This terminology can be justified by observing that the above map is a sum of *-homomorphisms of the form h n : m → v n mv * n . These injective homomorphisms h n have orthogonal ranges, because the isometries are orthogonal, and thus the range of 
for some unitary U ∈ M(B).
Proof. That the Kirchberg-Lin extension is absorbing when A or B is nuclear is shown in theorem 17.iii of [3] , see also [15, theorem 1.12] . That the Kasparov extension is absorbing is shown in [9] , see also [3] . These extensions are trivial, as already discussed, and as was observed by Kasparov, absorbing trivial unital extensions are necessarily unitarily equivalent.
We state a less technical corollary. A similar early result, with D commutative, can be found in [12] . 
. This is clearly a unital separable sub-C*-algebra of M(B). The Kirchberg-Lin extensionδ ∞ : A → M(B ⊗ K)/(B ⊗ K) is unitarily equivalent to the Kasparov extensionκ : A → M(B ⊗ K)/(B ⊗ K). We recall that the range of the Kasparov extension is contained in a unitally embedded copy of the Calkin algebra within M(B ⊗ K)/(B ⊗ K), and thus the unitary equivalence of the extensions implements the desired equivalence of subalgebras. A sub-C*-algebra is said to be strongly full if its intersection with any proper ideal of the C*-algebra that it is contained in is {0}. An element is said to be strongly full if the sub-C*-algebra that it generates is strongly full. This is somewhat stronger than the property of being full, which just requires that the ideal generated by the sub-C*-algebra be the whole of the C*-algebra that it is contained in. The following collects some known facts related to the above discussion. From [3] we have the equivalence of (i) and (ii). The equivalence of (ii) and (iii) is theorem 1.4 in [13] . That infinite repeats of trivial extensions are absorbing when B is simple is proposition 12 in [11] , and the last statement above then follows because all absorbing trivial extensions are unitarily equivalent.
On the structure of relative double commutants
Suppose that A is some given unital separable subalgebra of a multiplier algebra M(B), with B simple and separable. The Busby map of the associated KirchbergLin extension is the mapδ ∞ : A → M(B ⊗ K)/(B ⊗ K), given by the composition of Kirchberg's homomorphism δ ∞ with the canonical quotient by B ⊗ K. Letting q B⊗K : M(B ⊗ K) → M(B ⊗ K)/(B ⊗ K) and q B : M(B) → M(B)/B denote the canonical quotient maps, we note that, for all a,
This identity shows that the subalgebraδ Proof. If B happens to be stable, then the result follows from theorem 1.4. In the case that B is not stable, then the given unital subalgebra D of the corona M(B)/B is a subalgebra of the e 11 corner of the corona of the stabilization, M(B ⊗ K)/(B ⊗ K). Theorem 1.4 implies that the double relative commutant of D relative to the corona of the stabilization is equal to the unitisation of D. Now lemma 3.1, with p taken to be the unit of the corner, implies that the double relative commutant of D remains the same, up to a unitization, when computed in
where the commutant on the right is relative to her(p), and the commutant on the left is relative to the whole corona.
Proof. Since p is inδ ∞ (A) ′ , pδ ∞ (A) ′ p is a subalgebra ofδ ∞ (A) ′ and thus commutes withδ ∞ (A). But pδ ∞ (A)
′ p trivially commutes with p, and therefore commutes also with pδ ∞ (A)p. Thus,
For the reverse inclusion, let y be an element of (pδ ∞ (A)p) ′ relative to the corona block with unit p. Since y is contained in her(p) it commutes with (1 − p)δ(A). Therefore y is inδ ∞ (A) ′ and y is in her(p). This means that y is in pδ ∞ (A) ′ p as claimed, and this establishes identity (2) above.
We henceforth assume that B is stable unless stated to the contrary. Proof. The algebra δ ∞ (A) consists of elements that are diagonal with respect to the projections (p i ). In the copy of B(H) that is in the multipliers, there exist unitaries intertwining these projections p i , so we have such unitaries in the corona as well. The above-mentioned unitaries generate a unitally embedded copy of B(H) in the multiplier algebra, see for example Lemma 5.2.ii in [10] , and we can find in this copy of B(H) a unitally embedded copy of the Cuntz algebra O ∞ . Then the image of O ∞ in the corona is contained in the relative commutantδ ∞ (A) ′ .
The following proposition lets us relate the double relative commutant of D i , in a corona block, to the double relative commutant ofδ ∞ (A). 
Proof. The given subalgebra S commutes withδ ∞ (A)
′ , and by Lemma 3.4 it follows that S then commutes with a unital copy of O ∞ . Denoting the generators of this copy of O ∞ by w i , we see that s = w i sw * i for all s ∈ S. The unital and nuclear extension τ with range S then has the property that τ (s) = w i τ (s)w * i for all s ∈ S, which implies that the extension τ is trivial in the enveloping abelian group of extensions. Moreover, it implies that τ is an infinite repeat of a trivial extension. Because B is simple, τ is absorbing by Lemma 2.4, and the range is full and properly infinite.
Since any element is contained in some unital separable subalgebra, we have a less technical corollary that will be fundamental for the main part of our proof. 
Arveson's lemma
The original form of Arveson's lemma applies to subalgebras of the classic Calkin algebra, self-adjoint or not, and can be phrased as follows:
pg. 344). Consider the Calkin algebra of a separable infinite Hilbert space. If D is a separable unital subalgebra of the Calkin algebra, and x is an element of the Calkin algebra, then there exists a projection p such that p commutes with elements of D and
The following lemma is similar to [6] , lemma 3.3. Proof. We separate the proof of the first part into two cases. Suppose first B ⊗ K is isomorphic to the compact operators. Then, M(B ⊗ K)/(B ⊗ K) is isomorphic to the Calkin algebra, and we apply Lemma 4.1 to the subalgebra D and the element x. Now, suppose that B ⊗K is not isomorphic to the compact operators. Then there is a unitally embedded copy of the Calkin algebra within M(B ⊗ K)/(B ⊗ K), and we use Corollary 2.2 to find a unitary such that U DU * and U xU * are in this copy of the Calkin algebra. We then apply the previous case to find a projection such that dist(U DU * , U xU * ) = (1 − p)U xU * p . But both the distance and the norm are unitarily invariant, so it follows that dist(D, x) = U * (1 − p)U xU * pU . The projection U * pU therefore has the required properties. This proves the first part. The second part follows because, by Lemma 2.4, the given extension τ is unitarily equivalent toδ ∞ . (If D is not self-adjoint, we may replace it by the larger but still separable C*-algebra it generates in order to be able to apply Lemma 2.4.) To show that the original D is equal to its double relative commutant, we must show that D 1 is equal to its double relative commutant in its corona block. From Proposition 3.5 this result will follow if we can show the apparently stronger result that the double relative commutant of δ ∞ (A), relative to the whole corona, is equal to itself.
Suppose thatx is an element of the relative double commutant ofδ ∞ (A). Then x andδ ∞ (A) are contained in a unital separable sub-C*-algebra ofδ(A)
′′ . By Lemma 3.6 and the last part of Lemma 4.2, we have a projection p ∈ M(B ⊗ K)/(B ⊗ K) such that p commutes with elements ofδ ∞ (A) and dist(x,δ ∞ (A)) = (1 − p)xp . But sincex must commute with p, the element on the right is zero. Thus dist(x,δ ∞ (A)) is zero, which implies thatx was actually inδ ∞ (A), as was to be shown.
Recalling that Arveson's lemma does not require the separable subalgebra to be self-adjoint, and that D i being self-adjoint was never used in proving Proposition 3.5, it is straighforward to check that the above proof extends to the non-selfadjoint case. The nonstable case moreover follows by applying Lemma 3.1, just as in the proof of Corollary 3.2. Thus we have: 
On polar decomposition
Corollary 2.2 and proposition 2.1 provide unitary equivalences of given elements of the corona with elements of a copy of the Calkin algebra within the corona. One could expect that this is relevant to finding polar decompositions of elements of the corona. It is well-known that in an arbitrary von Neumann algebra one can polar decompose an element x as v|x| where v is a partial isometry, and that in an arbitrary C*-algebra one can decompose an element x as v|x| 1+ε , with ε > 0, for some contraction v. Proof. Let y be an element of B(H). Since B(H) is a von Neumann algebra, we have y = v|y|. Note that the quotient map π : B(H) → B(H)/K(H) is a * -homomorphism, so that π(|y|) = π((y * y) 1/2 ) = (π(y) * π(y)) 1/2 = (|π(y)|). Moreover, a * -homomorphism takes a partial isometry to a partial isometry, so we find that in B(H)/K(H) the element x 1 := π(y) satisfies x 1 =ṽ|x 1 | for some partial isometryṽ. But unitary equivalence x → U * xU is again a * -homomorphism, so then if x is unitarily equivalent to the element x 1 we have x =ṽ ′ |x| for some partial isometryṽ ′ .
We remark that the partial isometry provided by the above lemma need not be unique, and in general does not coincide with the partial isometry provided by polar decomposition in the double dual. Proof. As already pointed out by Kirchberg, see also [3] , every unital extension of a separable subalgebra with range in the corona of a stable algebra of this type is absorbing. Thus, given a strongly full element x of the multiplier algebra the inclusion map C * (x) → M(B) composed with the quotient map π : M(B) → M(B)/B defines a trivial extension τ : C * (x) → M(B)/B, and this trivial extension is absorbing. We can insure that the extension is unital, if it is not already, by unitizing C * (x) by the unit of the corona. We remark that because C * (x) is finitely generated it is separable. Thus, as in the proof of proposition 2.1, the extension τ : C * (x) → M(B)/B is unitarily equivalent to to the Kasparov extension κ : C * (x) → M(B)/B, and this Kasparov extension has range contained in a unitally embedded copy of the Calkin algebra. Lemma 6.1 then provides a polar decomposition of any element of the image of τ : C * (x) → M(B)/B in the corona, and in particular, the image π(x) of x in the corona has a polar decomposition π(x) = v|π(x)|.
The key step in the proof of the above was to observe that every unital strongly full extension of a separable subalgebra with range in the corona of a stable Kirchberg algebra is absorbing. The corona factorization property, introduced by Ng and the first-named authour in [14] , provides exactly this for a larger class of C*-algebras. Thus a proof very similar to the above gives the following corollary: Our most general polar decomposition result applies to the case of polar decomposition by a contraction, and shows that in some interesting cases we can take ε = 0. Proof. The given corona algebra M(B)/B is isomorphic to the e 11 corner of the corona of the stabilization, M(B ⊗ K)/(B ⊗ K). If an element x in this corner is given, we can find an element w ∈ M(B ⊗ K) such that e 11δ∞ (w)e 11 = x. Then applying Proposition 2.1 and lemma 6.1 toδ ∞ : C * (w) → M(B ⊗ K)/(B ⊗ K) we see that y :=δ ∞ (w) has the property that y = v|y| for some partial isometry v in M(B ⊗ K)/(B ⊗ K). Since y and e 11 commute we thus obtain x = e 11 ve 11 |x|. We do not know if e 11 and v must necessarily commute. However, it is clear that e 11 ve 11 is a contraction and that e 11 ve 11 is an element of e 11 (M(B ⊗ K)/(B ⊗ K))e 11 = M(B)/B. This shows that, as was to be shown, x = c|x| for some contraction c ∈ M(B)/B.
Applications of similar methods to the functional calculus can be found in [12] .
